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Problem 1: Really big and small numbers 1: Unavoidable disturbances
At a distance of one light year (ly), the change of the gravitation field caused by the
displacement of the mug arrives one year later. At this time, our experiment gets influenced.
In this task we will estimate the impact of such disturbances to microcanonical systems.
At first, we compute the difference AU between the energy of the NaCl in the mug’s
gravitation field before and after its displacement of Ar = 0.1m:
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Setting in the values r = 100ly = 100-299792458m /s-3153600000s, s = 0.1m, My, = 0.1kg
and myac1 = 58.44g/mol, we get:

AU = —4.362914603 - 1070 .

As expected, this is a very small number. We come to the computation of the level distance
in the NaCl probe. To do that, we need the amount of micro states 2. We know that the
specific entropy s is of order 1 in units of kg thus c - kg with a constant c. With entropy
S = kg - In {2, this leads to:

_kp-InQ
N

s=c-kgp Q=eN |

where NN is the number of particles. Since we have 1mol, this is the avogadro constant
Ny = 6.02214179 - 103, The level distance AE is the average energy difference between
two neighbored micro states. We know that the energy interval of the probe is &~ 1000kJ,

so AFE is:
1000000 J

Q

Since lim e* = 0 and N, is a very large number, we cannot compute a numeric value

Tr——00

AE = 1000000 J - e=Na (1)

different to 0. But we can make the following estimation: We look at the (fictitious) case
AU = AFE and compute using (1) the belonging N that is obviously not Ny:

AU

AE =AU =1 e N (=22
U = 1000000 J - e~ = n<1000000

>_—c~ﬁ_—127.5 .

Since obviously N < N A, we conclude AF < AU. This justifies that the level distance
AFE is much smaller than the change of the potential energy AU caused by the mug’s
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displacement 1ly far away. This leads to the conclusion that we will never find a way to
shied a probe from all external disturbances to get an energetically closed system.

Problem 2: Really big and small numbers 2: Width of the energy distribu-
tion in canonical states
We compute the partition sum

[e.9]

Zum=1/dEemm—ﬁuz—Tsuw» 2)

0

using the method of stationary point. We search the point Ej with

4 (g-Ts(m))

dE =0

Ey

The entropy in an ideal gas is given by

S(E) = ng n(E) + e(z)

where the function ¢(z) does not depend on E. We get:

d d 3 3 1
—(E—-TS(F))=— | E— =TkgNIn(E =1—=-TkgN— .
{5 E - TSE) = 45 (B - STV IE) + o) =1 - SThaN
We continue: 5 1 5
1— =TkgN— = Ey==-TkgN .
g =0 = Lo=5lhs

We write the Taylor series of £ — T'S(E):
F(E) = (B~ TS(E))
~ f(Eo) + ['(B)|g—g, (E — Eo) + % J"(E)|g_g, (E — Eo)* 4+ O ((E — Ey)°)

3 3 (E — Ey)?
= §T/€BN (1 —In (éTkBN)) + m
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By setting this into (2), we obtain with given § := ;-7 and by substituating 2 := £ — Ej:

)+ 52

7 (E) ~ / dE exp (—ﬁ (TkBNg (1 —1In

0

Now we compute the variance:

var (E) 282?—522)
o (0(=3N (1-1 (%)) +mLv3eN)
0B o

The energy per particle is given by e = %, so we get:

1 3 1
Var(e) = 52_N (5 + N)

We compute the the values of e:

N ‘ var(E) [J?]  var(e) [J?]
10 3.05-107*  3.05-10~%
100 2.80-107%0 2.89.10~*
1000 | 2.86-1073 2.86-10~%
lmol | 1.72-10718  4.74 .10




We look at the values of var(e) for different N and see that the values decrease with
growing N. So, e cannot be an extensive variable since the degree of freedom depends on
N. In contrast, var(E) grows with N, so FE can be an extensive variable.

Problem 3: Barometric hight formula

Tasks:

(i) Concider the atmosphere of the earth and calculate the average of the particle number
density

Mﬂzzyﬁ—m (3)

for an ideal gas with IV particles confined in an infinitely high cylinder of cross section
A in a homogeneous gravitational field U(r) = U;(z) = mgz (g is the gravitational
acceleration). Plot the result by using the data of earth.

(ii) Calculate the average distance and the variance of the distance of an oxygen molecule
from Earth’s surface.

(ii) Calculate the pressure.

Methods:

(i) We use, that the mean of a function f(x) (in our case n(r)) in the canonical ensemble

can be computet by (5 = ,%LT)

r)ePH(pr)
o) = e 0

N
H(p,r)=>_ ;); + U(r;) is the used Hamiltonian for the ideal gas.
i=1

(ii) To compute the average height (z;) of one (oxygen) molecule we insert f(r,p) = z;
in (4) and obtain (z;). The variance is defined by var(z;) = (22) — (z)>. We have
only to compute (z2).

(iii) The ideal gas we concider (the atmosphere) can be described by (p: pressure, V:
volume):

pV = NkpT (5)
We need the result of (i) for the particle number density (6) and insert it in (5).



Results:

(i) The number density in the homogeneous gravitational field in z-direction is (6):
(n(x)) = No- o7

Under the assumption that the air consists mostly of Ny, you obtain a graph showing

the dependence of the particle number density (n(z)) and the distance z from earth’s
surface (fig. 1).
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Figure 1: You can see the dependence of the particle number density (n(z)) and the
distance z from earth’s surface

(ii) The average height of one particle is (7):

kT
T
The variance of a particle is (8):
k3 T? 2
var(z) = iy = (2)



For T' = 300k and a mass of one Oy molecule mp, = 5,3 1072°kg we obtain for the
average height and the variance of one Oy particle (g = 9, 81m/s?):
(z0,) ~ 7970m
var(zp,) ~ 63500m

(ili) The computed Barometric height formula is (9):
p(z) = NokgTe *sT

_ mgz

= poe *BT

Appendix:

(i) We want to calculate the average of the particle number density definde by (3):

n(r) = Z 5(r —r;)

We concider an ideal gas without interaction between the particles. r; = | y; | is the
Zj

place of the ith particle (p; is the corresponding impulse). The gravitational potential is

U(r) = Ui(z) = mgz. In an canonical ensemble means can be computed by (4) . In our

case we obtain for (n(r)):

N N o
[ dry...dry dp;...dpy (221 o(r — rl)) exp (—5 231 % + Ul(zj)>
i= j=

(n(x)) = —
[ dry...dry dp;...dpy exp (—6 21 % + U1(Zj)>

The result of the integrations over the N impulses p; in the numerator is the same as in
the denominator. They cancel down and we obtain:

[ drs...dry (é (r — ri)) exp (-5 Jé Ul(zj)>

(n(r)) = N
[ dry...dry exp (—ﬁ ZlUl(Zj)>

N

N
2 [dry...dryd(r —r;)e PG exp [ - Zl Ui(z))
- iz

[ dry...dry exp (—ﬁé%(%‘))
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N N
Z 675U1(r) f drq ... dI'i_l dri+1 .o.dry exp —ﬁ Z Ul(Zj)
i=1 =1

J.7 .
J#i

N
[ dr;ePUC) [ dry...dr;_qdrg .. dey exp | =33 Ui(z;)
T
The first sum can be written as an multiplication with N, because the integrals are inde-
pendent of ¢ after the integration:
N . 6—ﬁU1(I‘)
<TL<I‘)> = f dI‘Z' e—BU(r;)

The integral in the denominator and the particle number /N in the numerator are constant
(inclusive the integration variable; so Ny is the particle number density at the height z = 0):

(n(r)) = No- ¢ BT ™ (6)

To plot this result, we have to compute Ny. We expect, that the atmosphere only
consists of N, molecules with the wheight my, = 4,6-1072°kg and a density on the earth’s
surface (by T' = 300K) of gy, = 1,255, We obtain Ny = 22 = 2,7 10% /m®.

mN2

(ii) r; and p; are defined as in (i). The average of the height of one oxygen molecule
will be computed with (4). It’s equal wich oxygen molecule we concider. We take the ith:

N p2
[ dry...dry dp;...dpy ziexp (—ﬂ > % + Ul(zj)>
=1

(zi) =

2
J

N
f dI‘1 .. .dI‘N dpl .. de exp <—5 Z ;)_m + Ul(Z])>
j=1

The integrations over all p; in the numerator is the same as in the denumerator. We obtain:

[ dry...dry 2z exp <—ﬂ é\f:l Ul(2j>>
iz

(zi) = N
[ dry...dry exp (—ﬁ ;1 U1(Zj)>

N
[ dry...dry zexp (—ﬂ Zl Ul(Zj>>

[ dry...dry exp (—ﬁi&fﬁ(%’))
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N
dz; ZieiﬁU(zi) dry...dr;,_4 dri+1 ...dry dz; dyz exp —B Ui(z;
—1 J

J#i

f le e~ BU(=) f dI‘1 . dI‘i_l dri-i—l Ce dI‘N dxl dyz exp —ﬂ Z Uq (ZJ)

[ee]
[ dz; ze=Pmoz
0

[e.9]
[ dz; e=fmoz
0

{_ (1+ ﬁmgzi)e_ﬁmgzi] >
0

62m2g2

{ eﬁmgzl} >
pmg |,

1

~ Bmg
 kpT

mg
The variance of the height of one oxygen molecule var(z;) is defined as:
var(z;) = (z7) — (z)?

With (7) we can compute the second part of this equation:

<Z.>2 - @

m292

The first part is:

N
[ dry...dry dp;...dpy 27 exp (—ﬁ Z 2[); + Ul(zj)>

() =

[ dry...dry dp;...dpy exp (—

B
N

[ dry...dry 27 exp (—ﬂ >, Ul(Zj)>
=1

[ dry...dry exp (—5 éUl(Zj))



N
f dz; Z?eiﬁUl(zi) f drqy...dr;_; dri—i—l ..o.dry dx; dyz exp —6 Z Uy (Zj>

]vi .
J#i

[ dzie P [ dry ... dr;_y dryy ... dey day dy; exp

o0
f dz; zge—BUl (21)
0

[ dz; e P z)
0

[ (2 + 208mgz; + 2232g*m?) e=Pmozi } >
Pmig ;

{ e~ Pmyzi } o0
pmg |,

B 2

62m2g2
| 2KET?
m2g2
WLT? kLT
m292 m292
Ve

m2g2

= var(z;) =

(iii) (5) can be transformed to:

N(z)
o

N(2)/V =n(z) is the particle number density. With (6) we obtain:

p(z) = kgT

p(z) =n(2)kgT
— NokpTe F5T

mgz

= poe FBT

—0 i Ui (z5)

]._ .
J#i



