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Solution to Problem 1

By inspecting all the events
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we obtain p = 4.

Solution to Problem 2

The characteristic function is given by

© 1 = (—ik) (1"
o ikz _ —
W = [Tt = =S EP (D) 0
where the expansion converges for |k|/a < 1. On the other hand,
> —ikz = —ik)" n
wh) = [z =y . )

=0
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Therefore (Z) = %, (Z?) = a% and (Z2) — (Z)? = a%

Solution to Problem 3

22
Let p(z) = —2—e 2%, zy = x +y. Then
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zo) = [ dedyd(zy —x — x = e_zw?/dxe_ 07 = ——€ 17,
p+(24) / Yo+ np@)ply) = 5— NN

where we integrated over the delta and completed the square in the exponent. By sym-
metry of p(y) we obtain

p-(z-) = /dxdy 0(z- —x +y)p(x)p(y) = /dwdy 6(z- —x —y)p(x)p(y) = p+(2-). (4)



Solution to Problem 4

Note that
() = [ doplaye = ¢, (5)
o) = [ doplayet = 2, (©
7 = (X% - (X = ©

The law of large numbers give the following distribution for Yy = X; + - - - + Xy, where
X, statistically independent copies of X,

1 (= (X)N)?

pyy (Y) = me 202N (8)

in the limit N — oo [Schwabl]. Since Zy = (v/N)~'Yy we obtain in this limit

-~ 1 _ = (X)N/2)?
pun(2) = [ dydte = (VR) Mpry () = e T (9)
(2m0?)2
Solution to Problem 5
By definition of the median M
M
1
/ dzp(z) = =. (10)
0 2

Consequently M = %

Solution to Problem 6

The joint probability density for the N statistically independent copies T} ... Ty is given
by

N
pr(Ty .. Tn) = [[ (1) = () Nem Z= T, (11)
i=1
The likelihood of a given sample 77 ... Ty is defined as
L(t) = p(Ty ... Tn). (12)

To find the maximal likelihood estimate for 7 one finds the maximum of L(7) for 77 ... Ty
fixed. One obtains the arithmetic mean

1 N
i=1



Solution to Problem 7
We have k = 10, x?__, = 0.7, the problem is to compute a. (See HS1). We have

a= / p(x* k — 1)dx* = 0.99987, (14)
X3

(from the table) where

2\k/2—1
2. 1) — (x*) -X*/2. 1
So the probability of an error is 0.00013.
Solution to Problem 8
p is not a quantum mechanical density matrix because it is not positive. In fact
- 1 3
det | 2 . =A+)A—= 1
e( — %_)\> ("‘2)( 2)7 (16)
so the eigenvalues are \; = —% and \p = %
Solution to Problem 9
The center of mass position of the system is given by
T+ -+ N
X=— 1
= (17)
The corresponding Langevin equation has the form
. ditdN
X=" "= —=(1). 1
= (v (15)
We have
(E(1) =0, (19)
1 - D
(EOET) = 52 Y Gma)) = 2700 = 1). (20)
k=1 1=1

So the diffiusion constant of the center of mass equals D/N.

Solution to Problem 10

Let P(Ng, Np,t) be the probability that at time ¢ there are Ng 'molecules’ (DNA chains)
of type E and Np 'molecules’ of type D. The system has two reaction channels and we
determine the corresponding stochiometric matrix:
E+E—D: Ap=-2 Ap=1 (21)
D—E+E: AL=2 A%=-1 (22)
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From the lecture, the reaction rates have the form

E—l—E—)D Tl(NE,ND):k+NE(NE—1), (23)
D—>E—|—E TQ(NE,ND):]{?_ND, (24)

and the Master equation reads

P(Ng,Np,t) = r(Ng — AL, Np — AL)P(Ng — Al Np — A}, t)
—+ TQ(NE — AzE,ND — A%)P(NE — AzE,ND — AzD,t)
— 11(Ng, Np)P(Ng, Np) — r2(Ng, Np)P(Ng, Np). (25)

Solution to Problem 11

For the Langevin equation of the form
i =—a+{(1), (26)

where a > 0 is a constant, (£(t)) = 0, (£(1)E(t)) = 026(t —t'), the Fokker-Planck equation
reads

Op(z,t) _ Oplx,t) o Ppla,t)

o ox 2 Ox? (27)
It can be put in a form of a flow equation
op(x,t) 0 o? Op(x,t)

with the current density j(x,t) = — <ap(x, t) + ”—;%). The stationary solution with

vanishing current density satisfies the equation

o’ Op(x)
s - _ 2
0 — —ap(a), (29)
which has the solution , l5le
p(z) = p(0)e” 2" = p(0)e™ *7 ", (30)
where we set @ = E and o2 = 26T
Solution to Problem 12
The Master equation has the form
O P(n,t) = Z (r(n\m)P(m, t) — r(m|n)P(n, t)) (31)

m

Note that only r(n|m) with n # m enter. The condition that P, is stationary reads

>~ (r(nlm) Peg(m) = r(mln) P(n)eg) = 0 (32)

m



and it is implied by the detailed balance property
r(n|m)Peg(m) = r(m|n)P(n)e. (33)

We construct r(m|n) so as to assure that this last property is satisfied. It can be rewritten
as follows
T(n|m) — e—ﬁ(En—Em)7 (34)
r(mln)

what is satisfied e.g. for r(n|m) = e ##». (The solution is not unique.)

Solution to Problem 13

The Ito Lemma says that if

Ax(t) = f(x(t))dt + dW, (35)

and z = z(x) then
(Az(t) = [Z'(if(t))f(x(t))+%2Z"(£E(t))]dt, (36)
((Az(1)%) = (<'(=(t)*0dt. (37)

In our case z = x2, f is the identity, so

(Az(t)) = [22(t) + o?)dt, (38)
((Az(1)%) = 4z(t)o"dt. (39)
The Fokker-Planck equation for p(z,t) has the form

et = dm{ - g [Goten] + g [0+ f e

5" plz,t) = i[(2z+02)p(z,t)] + %% [4z02p(z,t)]. (41)

Solution to Problem 14

We write the pseudocode for computation of a trajectory n(t), 0 < ¢t < T for a system
jumping between discrete levels, say n € {1,2,...,N}. As input we have the initial
position ng, the rates I'(n) for jumping from n to any other level (for absorbing levels
T'(n) = 0) and the non-overlapping intervals Iy s.t. U, I8 = [0,1] which say to which
level m the system will jump from n. (See lecture notes attached to solution 5).



In the pseudocode below n(t') is an array (output), n,m are auxiliary integer variables,

t,&,n, T are auxiliary real variables.
1 Set n:=mng, t :=0.

2 If n absorbing, set n(t') :=n for t <t' <T. Go to 4.
Else
Pick &, uniformly distributed, from [0, 1].
Calculate 7 = —ﬁ In(¢).
Set t:=t+ 71, n(t'):==nfort <t <min(t+7,7).
Ift+7>1T Go to 4.
Else continue.

3 Pick 7, uniformly distributed from [0, 1].
Ifne Ir(,ff), set n:=m. Go to 2.

4 End.

Solution to Problem 15

dSdiSN

Let I' = (p1,71,...pn,7N), dI' = “Ffsw—. The probability density for a system in contact

with infinite heat and volume reservoirs is given by (lecture)

1
T.V)= — o= BHTV)+pV)
PUV) = T v© !

where N
U(T,p,N) :/ dV/dFe‘ﬁ(H(FvV)erV)_
0

The average volume of the system is given by

(V) = m /000 dV/dF Ve BHIV)+pV)
Note that a1}
(a—p) = =BV = (V)") = —BAV)"

For the ideal gas (V) = % SO

(AV)? =

p?p*

Solution to Problem 16

(42)

(43)

The canonical partition sum for the one dimensional system confined in the interval of

length L is given by

dN dN 1 LN 00 N
Z(T,L,N) = / PA"T e jpy _ 1 (2 / dpe_ﬁcp)
0

NIAN NI pN

1 20\"
= wili)

(47)

(48)



Consequently

2LkpT
C

F(T,L,N) = -8 'InZ(T,L,N) = —NksTIn ( ) +kgTIn Nl (49)

Recalling that S(T, L, N) = _(%)L ~ We get the specific heat

oS O*F
w=1(55) =7(5) =Nem (50)
o) 1 n oI ) | n

From the equipartition law one would expect ¢y = %N kp. However, this law is valid only
for quadratic Hamiltonians.

Solution to Problem 17

Making use of the Stirling formula In N! = NIn N — N + o(N) we get

S kg LV o(N)
v NlnwE = kp(In(ea”(1 - a)’ PYN) + 1+ N ). (51)

Proceeding to the thermodynamic limit we denote s = lim, %, v = limg % We obtain

s(a) = kp(In(ev) + yIna + (1 — ) In(1 — @) + 1). (52)
From the derivative Ds(a) )
s(a) D !
Oa —kB(oz 1—a) (53)

we obtain that the maximum of s(«) is at o = 7.

Solution to Problem 18

From the formula
dF = —SdT — pdV (54)

there follows the Maxwell relation
25\ _ (o) _ouvT) )
ov )+ ar ), oT

Solution to Problem 19

The differential of the free enthalpy is given by

dG(p.T) = =S(p,T)dT + V(p,T)dp = —x (¢~ (p,T), T)dT + ¢~ (p, T)dp. (56)



Solution to Problem 20

The Hamiltonian is H = Efil(% + fx;). The canonical partition sum has the form

Z(T L N) . dede _BH(PJ:) . 1 2m7TL2 % 1 (1 . e_ﬁfL) N
= TN © TNV 3 GfL
1 N
= 7 —1—e-ﬁfL) . 57
(- 7
The free energy is given by
1 N 1
F=——IlZ=F,——=1In —1—6—5”). 58
! o= 5 (577 ) (58)

Next, we compute the entropy

oF _ BfL
5= _<0_T)L,N St Nk:B{ In(1 — e~¥%) ~In(5fL) +1 - m} (59)

and the heat transfer in the process.

S 1 1 1
5Q = TdS = T(E)TLNdf = NL(ﬂfL){ BT S P }df. (60)

Finally we calculate the energy

GfL
E=F+T8 = Ey+ NksT(1 - 55—, (61)
and its change in the process
1—ePIL(1 - BfL)
dE = NL{ (L — 1) }df. (62)
Consequently
1 1
W =dFE —6Q = NL — df.
W Q=N 5y - e (63)

Alternative solution 1: There is a short-cut possible in the above solution which makes
use of the 'principle of maximal work’ which says (in our context) that the work performed
by the system in contact with thermal reservoir in a reversible process is given by the
change of the free energy in this process. Therefore we can obtain §WW directly from (58)

OF 1 1
SW = dF = (w)uwdf = NL{ﬂfL - 1}df. (64)

Alternative solution 2: One can also obtain work and heat directly from their micro-
scopic definitions: Let p be the canonical state (probability density)

1
p(T) = —e 10, (65)
Z
where I' = (p1,x1...pn,zN), d = %. The average energy is given by
1
E=(H) = (o, H) = 5 [ OB, (66)



and its change equals
dE = (dp, H) + (p, dH). (67)

We define W = (p,dH) and 6Q) = (dp, H). Let us compute the work first

N
oW = <g—?>df = {%/e‘ﬁHmindF}df = {%/e‘ﬁHl(p’x)xdpdx}df (68)
1=1

(N [P g 3 1 1
= (Z_f/() e xdx)df_NL{ﬁfL_eﬁfL—l}df’ (69)
where Hy(p,x) = % + fx, Zy = 2’"” AR f(l —e P 7y = Z,7; and we made use
of the fact that
/ Yoty p = L1 epiy_ L or (70)
0 (Bf)? Bf
Next, we compute the heat transfer. Making use of (66) we get
107 0H
G = (5 G+ 85 ) ) @
oF  O0H 0H 0H
= 3(%5 - G )umar (G — G Y. (72

The first bracket on the r.h.s of the above equation is equal to zero, by comparing the
last equality in (64) with (69), or simply making use of the maximal work principle. Since
H = val H;, where H; are uncorrelated random variables and each H; is a sum of two

uncorrelated random variables 5 p; - and fx;, we obtain

50 — 6<< ) - <%—§[><H>)df=—mv(<a—fjfﬂl> <8§1><H1>)df (73)
— BN — (@), (74)

We obtain, as in the computation of work,

Y 1
<x>:Z—f/ 5fxdx_L{6fL 7 (75)

and

1 [E 1 d L
(z%) = — e Pl de = ———)/ e P rdy
0

Zs Jo Zrd(Bf
2 1 ) 1
- L2<(5fL)2_eﬁfL—1_(gfL)eﬁfL_l)v (76)
where we made use of (70). Finally we get
1 1 1
5Q:NL(ﬁfL){_ﬁfL+eﬁfL_1 + (6ﬁfL_1)2}df. (77)



